We analyze a splitting method for a canonical fluid structure interaction problem. The splittling method uses a Robin-Robin boundary condition, explicit strategy. We prove the method is stable and, furthermore, we provide an error estimate that shows the error at the final time T is e T O( √ ∆t) where ∆t is the time step.
Introduction
In this work we are interested in the stability analysis of a loosely coupled scheme for the approximation of the interaction of a viscous fluid and an elastic solid. In a loosely coupled (or explicit) scheme the two systems are solved separately in a staggered manner, passing interface data from one system to the other between the solves. It is well known that loosely coupled schemes for fluid structure interaction have severe stability problems in situations where the density ratio between the two phases is close to one. This is due to what is known as the added mass effect [10] . There has been intense research on approaches that allow for a partial or even complete decoupling of the two systems without loss of stability, however very few fully decoupled approaches have been developed with a satisfactory theoretical foundation.
A first step in the direction of decoupling the two systems is the semi-implicit copling schemes [11, 20, 3, 6] , where the implicit part of the coupling, typically the elasticity system and the pressure velocity coupling in the fluid, guarantees stability, and the explicit step (transport in the fluid) reduces the computational cost. Such splitting methods nevertheless retain an implicit part of the same size as the original problem, although the equations are simplified. Fully explicit coupling was first achieved by Burman and Fernàndez [8] using a formulation based on Nitsche's method, drawing on an earlier, fully implicit formulation by Hansbo et al. [16] . Stability was achieved by the addition of a pressure stabilization that relaxed incompressibility in the vicinity of the interface. Although the proposed scheme was proved to be stable it suffered from a strong consistency error of order O(τ /h) where τ and h are the time and space discretization parameters, respectively. The source of this error was the penalty term of the Nitsche formulation. This led to the need for very small time steps combined with iterative corrections, for the method to yield sufficiently accurate approximations. In a further development Burman and Fernàndez compared the Nitsche based method with a closely related method using a Robin type splitting procedure [9] . Robin type domain decomposition had already been applied for the preconditionning of monolithic fluid structure interaction problems by Badia et al. [2] . The loosely coupled scheme based in Robin type coupling of [9] was proved to be stable, but only with the addition of the stabilization term on the pressure at the interface and using a weight in the Robin condition scaling similarly as the penalty term in the Nitsche method. It was however observed numerically that the Robin-Robin coupling method was stable also without such a pressure stabilizing term.
It is the objective of the present paper to revisit the analysis of the Robin-Robin method without any additional stabilization (what the authors of [9] referred to as the genuine Robin-Robin method) and prove stability and error estimates for this method. To make the results cleaner and more transparent we do not discretize in space, only in time. We also give a rigorous error analysis that shows the error in a certain energy norm decreases as O( √ ∆t) for sufficiently smooth solutions, with a parameter λ of the Robin condition chosen O(1). This leads to convergence of the time discrete approximation independently of the space discretization. This was not the case in [9] , where as mentioned above the convergence was hampered by the h −1 -scaling of the Robin parameter, imposing a very small time step and iterative correction steps to achieve sufficient accuracy. Observe that it is likely that the accuracy of the approach suggested here can be improved using correction steps for moderate values of the time step, thanks to the absence of the h −1 scaling in the estimate.
Finally we should mention recent papers for the simpler case of interaction between a fluid and a thin structure that also have rigorous convergence analysis [12, 13, 7] . For the case of thick solids the paper of [14] seems to be the first paper with a rigorous error analysis of a thick wall structure. The method considered in [14] is a Robin-Neumann coupling that appeared in [15] . Here stability is achieved by handling the inertial effects of the solid in an implicit coupling with the fluid. This is then combined with extrapolation to reduce the splitting error. The leading error in that method for this approach is O(∆t/ √ h) which scales like our error estimates if ∆t = O(h). The outline of the present paper is as follows. In section 2 we introduce the linear model problem. The proposed Robin-Robin loosely coupled scheme is introduced in section 3 and the stability is analysed in section 4. Finally in section 5 we derive the truncation error of the splitting and use this result together with the stability estimate to prove the error estimate. We end the paper with some numerical illustrations.
The Model Problem
We will consider the following model FSI problem where the boundaries are denoted in Figure 2 .
In the above equations, n and n s represent the outward-facing normal of the fluid and solid domains, respectively. Here the stress tensors are given by
where denotes the symmetric gradient, µ the viscosity coefficient and L 1 , L 2 ≥ 0 the Lamé constants. The two problems are coupled via the following interface conditions:
Splitting Method
In [9] , several splitting methods were given for the following FSI problem. We will consider one such method. In order to describe it, we consider a uniform grid for the interval [0, T ], with step size ∆t. We assume that there is an integer N so that N ∆t = T and we let t n = ∆t n. The splitting method is solving sequentially the following two sub-problems. The first is the solid problem:
on Ω s . and for n = 0 we setũ
. Note that p 0 is not given as data, but we assume that we have a good approximation of the pressure at time t = 0.
The fluid sub-problem is given by:
We require λ > 0. This strict positivity determines the balancing of the two interface coupling conditions (2.3a) and (2.3b). A large value of λ will emphasize the continuity of velocities and a small value that of stresses. Clearly, to solve (3.1a)-(3.1g) we only need to know u n on [t n−1 , t n ], and, with the solution to the solid system on [t n , t n+1 ], we can solve (3.2a)-(3.2g) to obtain the corresponding fluid solution u n+1 on [t n , t n+1 ].
Stability Analysis
We will now prove stability of the splitting method introduced in the last section. We start with a few preliminary results. The following identity easily follows:
If we setw(x) = 1 ∆t tn tn−1 w(x, s)ds then the following holds
The following set of inequality demonstrates this.
The stability result is given in the following theorem.
Theorem 4.1. Let λ > 0 and suppose that η n+1 solves (3.1) and u n+1 , p n+1 solve (3.2) for 0 ≤ n ≤ N − 1. Then we have
Here a s (w, v) = Ωs σ s (w) : (v).
Proof. We multiply the first equation of (3.2) by u n+1 and integrate to get
Then we multiply (3.1) byη n+1 and integrate to obtain
Adding the two equations together then gives
We can write
From (3.1f) and (3.2f) we get
Thus,
By the relation (4.1) and the fact that
After integration on [t n , t n+1 ] we get
Using (4.2), we have
The result now follows after summing the above inequalities over all n from 1 to N − 1. Note that we assume our system starts at t 0 , so the terms 1 2λ t0 t−1 σ 0 f (s)n 2 L 2 (Σ) ds and λ 2 t0 t−1 u 0 (s) 2 L 2 (Σ) ds become ∆t 2λ σ 0 f (s)n 2 L 2 (Σ) and λ∆t 2 u 0 (s) 2 L 2 (Σ) , respectively.
Error Estimates
We now show that the splitting method with Robin-Robin type boundary conditions described above is, in fact, weakly consistent. In fact, we will prove that the error is √ ∆t. Consider the solution U, P, σ F , E, σ S of (2.1), (2.2) and (2.3). We use the notation U n+1 (t, x) = U(t, x) for t n ≤ t ≤ t n+1 and x ∈ Ω and similar for the other variables. We then set the errors:
We also define the following quantities which will be useful to describe our error estimates:
For the proof of the error estimates, we will make use of the following lemma Lemma 5.1. For U n and σ n F defined above, we have
Proof. We only prove (5.1) as the proof of (5.2) is similar. We have 
The error estimates are given in the following theorem. 
Proof. We easily see that
We then see that
We may therefore proceed with the same initial steps from the stability analysis. This yields 
In the last equation we used (5.3). Also, the following holds after using (5.3)
If use the above identity and (4.1) we obtain
Again, using (5.3b), we have
From the definition of E n+1 and using Cauchy-Schwarz and Young's inequalities, we have:
where δ > 0. If we then integrate on [t n , t n+1 ] and use (4.2) we determine the inequality
From Lemma (5.1), we have
Therefore, we have that
Using (5.4) we easily see that:
Choosing δ = ∆t, we obtain
However, using that ∆t ≤ 1 and (5.7), we obtain
The result now follows.
Numerical Experiments
In this section, we run some preliminary experiments to test results shown in the previous sections. We note, however, that the results of this paper deal exclusively with the continuous problem under an explicit splitting method and do not take into account the possible effects of the choice of spacial discretization. This analysis will be provided in an upcoming paper, along with extensive numerical experiments.
For these experiments, we essentially implement Algorithm 4 from [9] with our parameter λ used in place of γ µ h . As in [9, 8] , our physical parameters are given by ρ f = 1.1, ρ s = 1.2, µ = 0.035, L 1 = 1.15 × 10 6 , L 2 = 1.7 × 10 6 . Our fluid domain is the rectangle Ω f = [0, 1] × [0, 0.5], our solid domain is the rectangle Ω s = [0, 1] × [0.5, 0.6], and our interface is the line Σ = [0, 1] × {0.5}. All units are CGS units.
During the first 5 × 10 −3 seconds, a sinusoidal pressure P (t) = (2 × 10 4 ) sin πt 0.005 in the inflow direction is applied as a Neumann boundary condition on Γ in , after which σ f (u, p)n is set to zero on this boundary. Furthermore, σ f (u, p)n = 0 on Γ out , η = 0 on Γ d , and σ s (η)n s = 0 on Γ n . Affine finite elements are used in both the fluid and the solid domains, and a Galerkin/least-squares method as detailed in [5] is used to stabilize the pressure of the fluid formulation. All computations were perfomed using FEniCS [18, 1, 17, 19, 4] .
In Figure 1 , we provide snapshots of the pressure contour and solid deformation from our Robin-Robin coupling scheme at various points in time. To better illustrate these results, the domains are set to Ω f = [0, 3] × [0, 0.5] and Ω s = [0, 3] × [0.5, 0.6], and the spacial and time parameters are given by (h, ∆t) = (0.05, 0.0001). In all other experiments, the domains are as stated above. We note that these experiments show that our Robin-Robin explicit coupling is indeed stable and displays the expected propagation of pressure and deformation of the solid, even with our very simple spacial discretization. Note that for the fully discrete method,ũ is replaced with u. We investigate the rate of convergence of R for various values of λ. For these experiments, our spacial parameter is set to h = 0.005, and each test was run up to time T = 0.005. ) is observed for each value of λ. However, as the time-step becomes too small, the convergence rate begins to drop. This drop occurs more slowly with higher λ. Using a naïve spacial discretization, we can not expect the time and space discretization errors to be independent. Therefore the convergence rate stagnates as the spacial error dominates. In particular, for lower values of λ the poor approximation of the fluxes becomes important, leading to stagnation earlier in the time refinement. Further analysis and numerical experiments will be provided in our upcoming paper addressing the fully discrete problem.
